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The estimated quantity                             gets arbitrarily close
from                 as resolution increases.
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Integral based estimator for curvature

 (x  ) =κ̂R,h i  (  −
R3
3
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πR2
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To sum up

We want to use curvature as regularization term in models of
image processing tasks

We believe that by using a multigrid convergent estimator, we
can recover better results

1. Motivation problems 2. Regularization 3. Curvature regularization 4. Discretization and multigrid convergence

Introduction Contribution Conclusion

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

13



Notation

Introduction Contribution Conclusion

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Digital Curvature Evolution Model for Image
Segmentation

14 . 1



Notation

Introduction Contribution Conclusion

Let      be a connected digital shapeD

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Digital Curvature Evolution Model for Image
Segmentation

14 . 1



Notation

Introduction Contribution Conclusion

Let      be a connected digital shapeD

C(D)
4-connected pixel

boundary

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Digital Curvature Evolution Model for Image
Segmentation

14 . 1



Introduction Contribution Conclusion

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Cellular grid model

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

14 . 2



Introduction Contribution Conclusion

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Cells (pixels)

Cellular grid model

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

14 . 2



Introduction Contribution Conclusion

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Cells (pixels)

Linels

Cellular grid model

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

14 . 2



Introduction Contribution Conclusion

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Cells (pixels)

Linels

Pointels

Cellular grid model

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

14 . 2



Curve evolution model

Introduction Contribution Conclusion

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Digital Curvature Evolution Model for Image
Segmentation

15



Curve evolution model

E(u) =  κ ds∫
∂u

2

Introduction Contribution Conclusion

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Digital Curvature Evolution Model for Image
Segmentation

15



Curve evolution model

E(u) =  κ ds∫
∂u

2

  (y  )
y  ∈C(D)i

∑ k̂R
2

i

Introduction Contribution Conclusion

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Digital Curvature Evolution Model for Image
Segmentation

15



Introduction Contribution Conclusion

Curve evolution model

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Digital Curvature Evolution Model for Image
Segmentation

16



Introduction Contribution Conclusion

Curve evolution model

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Digital Curvature Evolution Model for Image
Segmentation

   (y  ), y ∈
y

min
y  ∈C(D)i

∑ k̂R
2

i {0, 1}∣C(D)∣

16



Introduction Contribution Conclusion

Curve evolution model

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Digital Curvature Evolution Model for Image
Segmentation

   (y  ), y ∈
y

min
y  ∈C(D)i

∑ k̂R
2

i {0, 1}∣C(D)∣

16



Introduction Contribution Conclusion

Curve evolution model

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Digital Curvature Evolution Model for Image
Segmentation

   (y  ), y ∈
y

min
y  ∈C(D)i

∑ k̂R
2

i {0, 1}∣C(D)∣

16



Introduction Contribution Conclusion

A first evolution

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

17

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion



Introduction Contribution Conclusion

A first evolution

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

17

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion



Introduction Contribution Conclusion

Sensible regions indication

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

18



Introduction Contribution Conclusion

Sensible regions indication

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

18



Introduction Contribution Conclusion

Sensible regions indication

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

18



Introduction Contribution Conclusion

Sensible regions indication

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

18



Introduction Contribution Conclusion

Sensible regions indication

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

18



Introduction Contribution Conclusion

Perimeter penalization

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

19



   (y  )
y

min
y  ∈Oi

∑ k̂R
2

i

Introduction Contribution Conclusion

Perimeter penalization

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

19



 α   (y  ) +
y

min
y  ∈Oi

∑ k̂R
2

i β   (y  − y  )
y  ∈Oi

∑
y  ∈N  (y  )j 4 i

∑ i j
2

   (y  )
y

min
y  ∈Oi

∑ k̂R
2

i

Introduction Contribution Conclusion

Perimeter penalization

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

19



 α   (y  ) +
y

min
y  ∈Oi

∑ k̂R
2

i β   (y  − y  )
y  ∈Oi

∑
y  ∈N  (y  )j 4 i

∑ i j
2

   (y  )
y

min
y  ∈Oi

∑ k̂R
2

i

α = 1
β = 0.5

Introduction Contribution Conclusion

Perimeter penalization

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

19



 α   (y  ) +
y

min
y  ∈Oi

∑ k̂R
2

i β   (y  − y  )
y  ∈Oi

∑
y  ∈N  (y  )j 4 i

∑ i j
2

   (y  )
y

min
y  ∈Oi

∑ k̂R
2

i

α = 1
β = 0.5
α = 1
β = 1.0

Introduction Contribution Conclusion

Perimeter penalization

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

19



 α   (y  ) +
y

min
y  ∈Oi

∑ k̂R
2

i β   (y  − y  )
y  ∈Oi

∑
y  ∈N  (y  )j 4 i

∑ i j
2

   (y  )
y

min
y  ∈Oi

∑ k̂R
2

i

α = 1
β = 0.5
α = 1
β = 1.0
α = 1
β = 2.0

Introduction Contribution Conclusion

Perimeter penalization

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

19



 α   (y  ) +
y

min
y  ∈Oi

∑ k̂R
2

i β   (y  − y  )
y  ∈Oi

∑
y  ∈N  (y  )j 4 i

∑ i j
2

   (y  )
y

min
y  ∈Oi

∑ k̂R
2

i

α = 1
β = 0.5
α = 1
β = 1.0
α = 1
β = 2.0

Introduction Contribution Conclusion

Perimeter penalization

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

19



 α   (y  ) +
y

min
y  ∈Oi

∑ k̂R
2

i β   (y  − y  )
y  ∈Oi

∑
y  ∈N  (y  )j 4 i

∑ i j
2

   (y  )
y

min
y  ∈Oi

∑ k̂R
2

i

α = 1
β = 0.5
α = 1
β = 1.0
α = 1
β = 2.0

Introduction Contribution Conclusion

Perimeter penalization

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

19



Introduction Contribution Conclusion

Filtering artifacts

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

20



Introduction Contribution Conclusion

Filtering artifacts

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

20



Optimization region O

Introduction Contribution Conclusion

Filtering artifacts

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

20



Optimization region O

Computation Region

Introduction Contribution Conclusion

Filtering artifacts

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

A

20



Optimization region O

Computation Region

Introduction Contribution Conclusion

Filtering artifacts

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

   (a  , y), y ∈
y

min
a ∈A(D)i

∑ k̂R
2

i {0, 1}∣C(D)∣

A

20



Introduction Contribution Conclusion

Bands evolution

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

21 . 1



Introduction Contribution Conclusion

Bands evolution

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

21 . 1



Introduction Contribution Conclusion

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

21 . 2



Introduction Contribution Conclusion

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Bands evolution

22 . 1



Introduction Contribution Conclusion

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

Bands evolution

22 . 1



Introduction Contribution Conclusion

Ball radius effect

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

R = 3 R = 5

22 . 2



Introduction Contribution Conclusion

Ball radius effect

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

R = 5 R = 7

22 . 3



Introduction Contribution Conclusion

Ball radius effect

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

R = 5 R = 7

22 . 3



Introduction Contribution Conclusion

Quadratic pseudo-boolean function

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

22 . 4



   (y  )
y

min
y  ∈C(D)i

∑ k̂R
2

i

Introduction Contribution Conclusion

Quadratic pseudo-boolean function

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

22 . 4



   (1/2 + ∣F  (p)∣ − c  ) ⋅  y  +  y  y   

y
min

p∈C(D)

∑ ⎝
⎛

r 2

y  ∈Y  (p)i r

∑ i

y  ,y  ∈Y  (p);i<ji j r

∑ i j⎠
⎞

   (y  )
y

min
y  ∈C(D)i

∑ k̂R
2

i

Introduction Contribution Conclusion

Quadratic pseudo-boolean function

Discrete Geometry for Computery Imagery

ESIEE, Paris. March 27, 2019

Digital Curvature Evolution Model for Image
Segmentation

1. Curve Evolution Model 2. Interpretation 3. Applications and discussion

22 . 4



   (1/2 + ∣F  (p)∣ − c  ) ⋅  y  +  y  y   

y
min

p∈C(D)

∑ ⎝
⎛

r 2

y  ∈Y  (p)i r

∑ i

y  ,y  ∈Y  (p);i<ji j r

∑ i j⎠
⎞

   (y  )
y

min
y  ∈C(D)i

∑ k̂R
2

i

Supermodular
energy

Introduction Contribution Conclusion

 ≥∂y  ∂y  i j
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