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Mathematical Morphology and lattices

Lattice:

A lattice is a partially ordered set, that also have a least upper
bound, called supremum, and a greatest lower bound, called
infimum.

Example: the power set
of {a, b, c}:

m Supremum: union.

m Infimum:
intersection.
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Adjunctions

Two operators

a Ez — [:1 (1)
OéA : ﬁl — £2 (2)

form an adjunction (a*, o) if :
a(a) <1 b+ a <y a”(b) (3)

Property:

® « is a dilation: commutes with the supremum.

m o is an erosion: commutes with the infimum.
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m Increasing: X C Y = [(X) C B(Y)
introduction m Idempotent: B(3(X)) = B(X).

Extensive: X C ¢(X) Anti-extensive: v(X) C X
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Vdi,dr € N, if di < db:
u ’de(X) - ’7d1(X)
L ¢d1(X) c dez(X)

The families of operators {74 | d € N} and {¢q4 | d € N} are
granulometries.

Introduction
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Objective

Some
morphological
operators on

complex

spaces Investigate morphological operators acting on complexes:

Fabio Dias, ] Dllatlons,

Coust

Najman m Erosions,
Introduction m Openings,
m Closings,
m Granulometries...
To achieve:
m “Smaller resolution”.

m Better filtering results on images/meshes.
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Najman m Dimension of a simplex: |x| — 1.

m Simplex: any nonempty set.

Lattice of 1 1 :
Lattice o Example of simplices {a}, {a, b} and {a, b, c}:
complexes
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C: a nonempty complex, of dimension n.
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C: the set of all subcomplexes of C.
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Complexes and subcomplexes
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S: the set of all stars of C.
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Lattices of interest:

The set C is a lattice:

m Closed under union and intersection,

m Set inclusion as order relation.

The lattice C is not complemented.
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m Set inclusion as order relation.

[aiman The lattice C is not complemented.

The set S is a lattice:

Lattice of
simplicial

T m Closed under union and intersection,

m Set inclusion as order relation.

The lattice S is not complemented.
The set P(C;) is a lattice.
The lattice P(C;) is complemented.




Dimensional operators

Some P(C,) — P(

morphological

C))
operators on

o 05(X)={xeCj|Iye
X and y C x}

N ajman

Morphological
operators on
simplicial
complex
spaces

NN NN
N[N @@

(a) X b) d51(X



Some
morphological
operators on

complex
spaces

\ENLEN]

Morphological
operators on
simplicial
complex
spaces

Dimensional operators

SE(X):{XE(C”H)/E
X and y C x}
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6. (X)={xeCi|3dye

X and x C y}
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Dimensional operators

5?;-(X):{X6(Cj|3y€
X and y C x}

0(X)={xeC;| Iy e
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X and x C y}
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Theorem

j are dual w.r.t. the complement.
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m Operators 5 ; and g are dual w.r.t. the complement.
+ ot
51,1’ iJ

Morphological
operators on
simplicial
complex
spaces

18/59



The closure and star operators
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The closure and star operators

i€[0...n]j€[0...i]

YA\ VAV VAIYA (7 VA | VA,
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VA|VA\YA\VAYA| |7 VA7 VA,

(a) A complex X. (b) H(X).
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Finding the adjoint erosion
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VX €S, *AX) = J{YyecI*x(M)cXx} (5
vXec, 0AX) =J{rves|omcxy (6)
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VX €C, X
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Adjuntions acting on the same lattice

Operators acting on C:

b= OQoxk (9)
e= *%oQA (10)

The pair (¢,9) is an adjunction.

Closing on complexes Opening on complexes

¢p=c0d (11) y=46do0 ¢ (12)
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Dimensional filters on complexes

Dimensional opening:

Y = {00 i€ ldonlic .} (13)

Cells of X with dimension greater than or equal to d.
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Dimensional filters on complexes

Dimensional closing:

baymy)(X)=XU( ] &f_g;(Xna) (14)
Jj€[n—d,n]

The set X and the cells of C whose elements of dimension
between 0 and (n — d) belong to X.
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Dimensional closing:

baymy)(X)=XU( ] &f_g;(Xna) (14)
Jj€[n—d,n]

The set X and the cells of C whose elements of dimension
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Extending v and ¢
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Fab

) Cie/(nt1) = 6' 0 Vay(ns1) 0 €' (15)

Opj(nt1) = €' © Bdj(ns1) 00 (16)

where / and d denote respectively the quotient and the
remainder of the integer division of k by (n+ 1)

Morphological
e
complex
Pees The families {Tx/(n41) | kK € N} and {®y/(n41) | k € N} are
granulometric.
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k/(n+1) = rk/n+1 o q>k/n+1 o ASF(k_l)/(n+1) otherwise
Morphological 17
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Some results (a) 3D mesh (b) Curvature map (c) Threshold

Data courtesy of the French Museum Center for Research.
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(d) Threshold (e) Dilation (f) Erosion
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Original (ASFy/3)




[llustration on

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty
Lz

\ENLEN]

Some results

meshes




[llustration on

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty
Lz

\ENLEN]

Some results

meshes




[llustration on meshes

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty
Lz

\ENLEN]

Some results




[llustration on meshes

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty
Lz

\ENLEN]

Some results




[llustration on meshes

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jear
L

\ENLEN]

Some results




[llustration on meshes

Some
morphological
operators on

complex
spaces

Fabio Dias,

\ENLEN]

Some results




[llustration on meshes

Some
morphological
operators on

complex
spaces

Fabio Dias,

Jean ty

\ENLEN]

Some results




[llustration on meshes

Some
morphological
operators on

complex
spaces

Fabio Dias,

\ENLEN]

Some results




[llustration on meshes

Some
morphological
operators on

complex
spaces

\ENLEN]

Some results

42/59



Applicative results

Some
morphological
operators on Original

complex
spaces

Fabio Dias,
Jean Cousty,
Laurent
Najman

Some results

43/59



Applicative results

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty,
Laurent
\ENLEN]

Some results

44/59



Applicative results

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty,
Laurent
Najman

Some results

45/59



Applicative results

Some
morphological
operators on

complex
spaces

Fal Dias,
Jean Cousty,
Laurent
Najman

Some results

46/59



Applicative results

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty,
Laurent
Najman

Some results

47/59



Applicative results

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty,
Laurent
Najman

Some results

48/59



Applicative results

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty,
Laurent
Najman

Some results

49/59



Applicative results

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty,
Laurent
Najman

Some results

50/59



Applicative results

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty,
Laurent
Najman

Some results

51/59



Applicative results

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty,
Laurent
Najman

Some results

52/59



Applicative results

Some
morphological
operators on

complex
spaces

Fabio Dias,
Jean Cousty,
Laurent
Najman

Some results

53/59



Comparison of results
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(b) ASFs. Triple resolu-
tion. MSE = 4.05%

Some results

C
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Adjuntions acting on the same lattice
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A= %o (18)
E= 0hoxkA (19)

Y¥=Ao& p*=Eo0A

Some results
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Najman m Investigation of more morphological operators that can be
built based on our framework.
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Morphological properties of C/ and St:
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m Operator Cl is a dilation, acting on the lattice P(C).
m Operator St is a dilation, acting on the lattice P(C).

VX e P(C), StAX) =|J{Y eP(C)|St(Y)C X}20)
VX eP(C), CAX) =|J{Y eP(C)]|C(Y)C X}f1)
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Granulometries based on C/ and St
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m ldempotent: The presented operators are idempotent.

H“,um‘,m
m Composing: The operators St and St* result stars, not
complexes. If X is a subcomplex, C/(St(X)) is a
subcomplex, but the adjoint operator StA(CIA(X)) is a
star.

Conclusion
and future
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A confusing equivalence
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complex vX e P(C), SAX) =[J{Y eP(C)|St(Y)C X}
VX € P(C), CIA(X) =|J{veP@)|a(y)cx}

VX €S, *A(X) =|J{Yec|*(Y)C X}

VX ec, <>A(X) =J{resiovmcxi

The two following propositions hold true

VX e C, 0N (X
ol Tutune VY € S, *%A(Y

work

= St*(X); and (22)

)
) = CA(Y). (23)
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