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“We assume there 1s a domain, which may itself be discrete (such as a set
of ordered pairs of integers) or continuous (such as Euclidean
space). We further assume that there is an unknown function f
whose range is known to be a given discrete set (usually of real
numbers). The problems of DT, as we perceive the field, have to
do with determining f (perhaps only partially, perhaps only
approximately) from weighted sums over subsets of its domain in
the discrete case and from weighted integrals over subspaces of
its domain in the continuous case”

Usually :  g={(;, j)€Z*:0<i<m,0<j<n] f:4-{0,1



Reconstruction problem

a direction (a,b)

ged(a,b)=1;a=0;b=1,if a=0
ay=bx+t,te”/

line sums in direction (a,b) : Zaj:bi+t f(i,j)

.....

Suppose f:A— {0,1} 1s unknown, but all the line sums are given
for d=1,...,k. Construct a function g: A— {0,1} s.t.

Zadjzbdi+t f(l’ j>:zadj:bdi+t g<l’J> fOrdzl,..., k,fEZ



Some guestions

Is the reconstructed function unique?

Is there another function having the same line sums as
the reconstructed one?

Approaches and results:
Two directions [Chang],[Ryser]
Additivity [Fishburn et Al],[Vallejo]

Geometrical approach [Gardner&Gritzmann],[Daurat],
[BDNP]

Algebraic approach [Hadju&Tijdman]



Algebraic approach

g:A—>7

Generating function of g: G (x,y) Z g [, ] x'y’
2
G,(x,y)=xy S xtE Xy Y x Y yrxy+ ity

line sums in direction (a,b)
2 4 2 2 1 . .
are given by the remainder of G,(x, y)

x*y"=1,if a=0,b>0

divided by:

x* =y if a>0,b<0
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If (a,b) 1s a direction:
x*y"=1,if a>0,b>0
x* =y if a>0,b<0
Fan 3\ o i a=1,b=0
y—1,if a=0,b=1

,,,,,

S:{<ai’bi)}i:1 k Fs(x’y)znf(ai,b,.)<x’y>

[HT] Let g :A— Z having zero line sums along S.
Then F (x,y) divides Gg(x,y) over Z.



Known results

S={(a;, b))} _, ,isvalid for A if > a,<m,) abs(b,)<n

There exists a valid set S for A consisting of £ directions
depending on the size of A s.t. if g :A— Z has zero line sums
along S and |g |[<I, theng =0

.....

There exists a valid set S for A consisting of £ directions
depending on the size of A s.t. if g,h :A— {0,1} are
tomographically equivalent, then g = /4 (1.e. S detemines
uniquely any subset of A)

Less than four directions are never sufficient to distinguish
subsets of A



New results (Outline)

Focus on four directions

Necessary condition for S to be a set of
uniqueness

Characterization for Gg(x, y) when |g| <1 has
zero line sums along S
Uniqueness result

not depending on the grid A



Necessary condition

Lemma: Let S be any valid set and let F(x,y)=> f(ij) x'y

be the polynomial associated to S. If /(i,j) 1s in {-1,0,1},
then there exist two tomographically equivalent lattice sets
with respect to S.

§=1(1,0),(1,2),(1,1),(2,1)]
Fy(x,p)=(x=1)(xy"=1)(x y=1)(x*y—1)

E={®} E={@}




Lemma [H]: Let S={(a,, b,)},_, ,beany vald set.

Suppose F(x,y)=>. f (i,)) x'y has some coefficient 1(i,j)
outside {-1,0,1}. Then there exist two disjoint subsets S,
and S, of §'s. t. |S, [=]S, |[mod2 and

Diapies, (4 B)7 2, s, (2.0)

Ifk=4: S={u, u,u;su,

F(x,y)=).1(ij) x'y has some coetficient f(i,j) outside {-1,0,1}

iff there exist two disjoint subsets S, and §, of S's. .

1S, [=|S, |mod2 and

Z(a,b)ESl (CZ, b>:2(a,b)ES (Cl ’ b>

2




Proof:

if two disjoint subsets S, and S, of § exist s. t. |S, |=|S, |mod2
and Z(a,b)€S1<a’b):Z(a,b)eSZ(a’b>’ then F' (x,y) has some
coefficient f (i,j) outside {-1,0,1}

. U, +tu,+u,=u
The condition corresponds to: ' > ° °

U TtU,=UyT Uy



Consider the case:u,+u,+u;=u, where
u,=(a, p),u,=(b,q),u;=(c,r),u,=(d,s)

Wlog dSSume: Table 1. Monomials of Fs(z,y) in CASE 1
0<a<b=c,b,c#0 mp—— -

‘r?{a-kb—l-c]y:ﬂip—q-l-?‘ll ‘rﬁa-l-?b-lkcyip-kﬁqzr

the coeff. 2 cannot be gt Brrat g RahiRe, atar

$R+Eb+cyp—|-2q-|—r ‘ra—26+2cyp+'2q-|—9r

delated by any Other, ‘ra—I-b-I—Qcyp—I-q-l-Qr Qira—b—i-cyp—q—r
(by inspection) pthyPta z"y?
I:R_Cyp-'_?‘ ;Fbyq
;Fb-l_ c yq—|— r ;Fcy:r*
1




Theorem

[f S uniquely determines lattice sets 1n a finite grid, it must be
of the form

U, t+tu,*Tu;=u,

Remark: if S 1s as before, §= 5 U §, , where:
=S, =u,, u,, uyand S,={u,} 1t utu, tu=u,
=S ={u,,u,{and S, =qu, u, |, 1f utu, =utu,

=5, -5, =1 i(Lli_uj)’ U, €5, U;€5, j



A characterization

(1,0)+(1,2)=(0,1)+(2,1)
Fo(x,y)=(x=1)(xy"=1)(y—1)(x’y—1)

Q)={® ® @} r={e® ®; N=1@;
5= 1(1,0), (1,2)} 5= 1(0,1), (2,1)}
S]' Sg :i{' (19'1)9 (191) }

P-P={ +(x—y),xEP,yEP !

- { (090)9(191)9(292)9(393)9(494):(19'1)9
(1,4),(4,1),(2,0),(0,2) }
N-N= {£(x—y),x€EN,yeN }
P-N= {*(x—y),x€P,yeN }




u=(h,k)
Lemma: If u or -u belongs to S, then (x"y*—1)F(x,y) has

some coefficient greater than 1.

Let u=(h,k)=(1,0)
—Fy(x,y) xFg(x,y)




Lemma: for each u. =(%,k) in S, there exists u=(h,k) in S - S,
such that the coefficient of x" " in (x"*41) F(x,y)

1S greater than 1.
Let u=(h,k)=(1,1)=(2,1)-(1,0)

FS<X’J’> xyFS<x,J/) (xy+1)FS(x:J’)




Lemma: the following hold:
(xhyk—l)FS(x, y)has coef.s in {-1,0,1} iff u=0, or u in S - §,and
utu, tu=u,or uin(S-SIU+fu+u,) andu ‘u,-u=u,

(x" y*+1)F (x.y) has coef.sin {-1.0.1} iffu in S. or -u in S

r le 1:
SN wEs S
. .............
B o ®
_ I_‘ ......... P
]




Lemma: the following hold:
(xhyk—l)FS(x, y)has coef.s in {-1,0,1} iff u=0, or « in S - §,and
u,tu, tu=u,or uin (S-SIU+u tu,) andu tu,-u=u,

(xhyk+1)FS(x, y) has coef.sin {-1,0.1} iff uin S, or -uin S

Example 2:

FS<X’J’)




proof:

Consider w = u,+u, =u,tu, and wtu=z. If z 1s not in Q(S), z
1s multiple. So z should be 1n O(S).

If u or -u belongs to §, then (x"*—1)F (x,y) has some
coefficient greater than 1. Take u in (S- S))U ={u,+u, ).

—F(x,y) xy Fo(x,y) (xy—1)Fg(x,y)

v v SRes

.« %




proof:

Consider w = u,+u, =u,tu, and wtu=z. If z 1s not in Q(S), z
1s multiple. So z should be 1n O(S).
If u or -u belongs to (S,- S)U +du,+u,), then (x" *+1)F (x,y)

has some coefficient greater than 1. Take u in S.




Theorem 3. Let S = {uy, ug, g, uy; +ustus} be a set of four lattice directions,
Let g : £* — T be a non trivial function which has zero line sums along the lines

corresponding to the directions in S, and vanishes outside a finite lattice set. If
g| <1 then there exists r € N such that

Gylz,y) = Z 5(t)z 1y Fs(z,y), (8)

t=1

where 8(t) = £1, and for each t € {1,...,r}, there exists t' € {1, ...,r} such that
the vector u(t) = (i(t), j(t)) — (i(t'),j(t")) satisfies the following conditions

1. u(t) =0, oru(t) € (5 - Sg}ﬂndul—u1+ug+u; or u(t) € (51— S2) U
{:I:u]+ug}ﬂndu1—u]+ug—u; if 8(t) # d(t').
u(t) € 5 or —u(t) € 5 if 8(t) = d(t').




proof:

By [HT], since g :A— Z has zero line sums along S,
G, (x.y) = P(xy) F(x.y)

Any monomial of P(x,y) with |coef.>1 can be rewrited as sum of
monomial with |coef.|=1

So :
Since the coef.s of G (x,y) are in {-1,1},

for all 7, there exists z, in O(S) such that z +(i(¢"), j(¢")=w+(i(¢), j(z))
(6(1)x" " 46 ()" ) Fiy(x, y)
xi(t’)yj(t')<5<t>xi(t)—i(t’)yj(t)—j(t')+5<t '))FS(X, y)

Apply the Lemma with —u(¢)=(i(z)—i(¢"), j(¢)—j(¢"))



Uniqueness result

Corollary 1. S = {uy, ug, uz, uy + ug £ us} be a set of four lattice directions.
Let h.g: Z* — {0,1} be tomographically equivalent with respect to S. If

r

Ghglz,y) =) (1) "Fs(z,y),

=1

with §(t) = x1, and the degrees i(t),j(t) do not satisfy the conditions of
Theorem [3, then h = g.




Other results

Is it possible to construct Gg(x,y) as in the
Theorem?

Gg"(x,y)=P"(x,y)F (x.y)

How to choose a monomial to add to P"(x,y) in order
to decrease the number of |coeff.s>1 in Gg"*/(x,y)

Uniqueness in A for valid sets of four
directions

There exist whole famileis of suitable valid directions



The end



The setting

AZ{(i,j)€Z2:OSi<m,OSj<n}
F subset of A characteristic function of /. f:4—10,1|

2 4 2 2 1 a direction (a,b)

ged(a,b)=1;a=0;b=1,if a=0
ay=bx+t,te”/

line sums in direction (a,b)

Zaiji+t f(l g ])

N AW A
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